We investigate the basin of attraction properties and its boundaries for chimera states in a circulant network of Hénon maps. It is known that coexisting basins of attraction lead to a hysteretic behaviour in the diagrams of the density of states as a function of a varying parameter. Chimera states, for which coherent and incoherent domains occur simultaneously, emerge as a consequence of the coexistence of basin of attractions for each state. Consequently, the distribution of chimera states can remain invariant by a parameter change, as well as it can suffer subtle changes when one of the basins ceases to exist. A similar phenomenon is observed when perturbations are applied in the initial conditions. By means of the uncertainty exponent, we characterise the basin boundaries between the coherent and chimera states, and between the incoherent and chimera states, respectively. This way, we show that the density of chimera states can be not only moderately sensitive but also highly sensitive to initial conditions. This chimera's dilemma is a consequence of the fractal and riddled nature of the basins boundaries.
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a) Electronic mail: jdsjunior@uepg.br Coupled dynamical systems have been used to describe the behaviour of real complex systems, such as power grids, neuronal networks, economics, and chemical reactions. Furthermore, these systems can exhibit various kinds of interesting nonlinear dynamics, e.g. synchronisation, chaotic oscillations, and chimera states. The chimera state is a spatio-temporal pattern characterised by the coexistence of coherent and incoherent dynamics. It has been observed in a great variety of systems, ranging from theoretical and experimental arrays of oscillators, to in phenomena such as the unihemispheric sleep of cetaceans. We study the chimera state in a circulant network of Hénon maps, seeking to determine how the density of states in the network depends on the system parameters and the initial conditions. We have found that, as expected, the density of states might be invariant to parameter alterations, but it might also tip when a basin of attraction ceases to exist. When the basin boundary of the chimera states is fractal, the densities of the states will depend moderately on the perturbations in the initial conditions, and they may even remain invariant to specific perturbations. However, when the basin boundary is riddled, even arbitrarily small perturbations to the initial conditions can replace the chimera state to an incoherent state. The existence of basin boundary in a network that presents chimera states is a chimera's dilemma.
I. INTRODUCTION
Chimera state, in reference to the Greek mythological creature, is a spatio-temporal pattern observed in coupled dynamical systems that was first reported by Kuramoto and In this work, we calculate the strength of incoherence to identify incoherent, coherent, and chimera states. Clearly, each network state (coherent or incoherent) has its own basin of attraction. Parameter changes modify the Lebesgue measure of the basins, which in extreme situations can cease to exist, leaving a network whose nodes will be either in the coherent or incoherent states. Our main interest, however, is to understand how perturbations in the initial conditions change the density of these states in the network. To this goal, we study the property of the basins of attraction's boundaries. We find that whereas the basin boundary between the incoherent and chimera state are typically riddled, the basins boundary between the chimera and the coherent state is typically fractal. Thus, small alterations in the initial conditions can always change the density of the states. However, arbitrarily small perturbations in the initial conditions can shift a chimera state to an incoherent one.
Riddled basin is a basin of attraction (of an attractor) such that every point of it has pieces of another attractor's basin arbitrarily nearby [24] [25] [26] . A riddled basin of attraction has the same fractal dimension of its boundary. Heagy et al. 27 reported experimental and numerical 4 evidence of riddled basins in coupled chaotic systems. They studied chaos synchronisation in coupled chaotic oscillator circuits. Woltering and Markus 28 identified the existence of riddled basin in a model for the Belousov-Zabotinsky reaction.
This paper is organised as follows: Section 2 introduces the network of coupled maps. In Section 3, we present the basin of attraction for chimera states and our results for the basin boundaries. In the last Section, we draw our conclusions.
II. NETWORK MODEL
Networks of coupled maps have been used to study extended dynamical system 29 . We consider a network composed of N coupled Hénon maps written as
where i = 1, . . . , N , t is the discrete time,
Hénon map, σ and r are the coupling intensity and coupling radius, respectively, and
specifies which variables of the Hénon map are coupled here, namely x. This system was previously studied by Semenova et al. 30 for the parameter set (α, β) = (1.4, 0.3) focusing on the parameter space σ × r. In our network, we use (α, β) = (1.44, 0.164), because the Hénon map exhibits a period-5 attractor for these parameters. We consider a circulant network of Hénon maps. Figure 1(a) shows the spatio-temporal plot obtained from Eq. Aiming to characterise coherent and incoherent states, we use a quantitative measure proposed by Gopal et al. 32 . To do that, first, we calculate s m = Θ(δ − χ(m)), where Θ is the Heaviside step function and δ is a predetermined threshold. The local standard deviation
where n = N/M , m = 1, 2, . . . , M and z In (b) and (c) we plot the snapshot and its s m spectrum, respectively, for t = 26 of (a). We consider α = 1.44, β = 0.164, σ = 0.30, and r = 0.30.
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Gopal et al. 32 developed the measure strength of incoherence (SI) to characterise the spatial dynamics of nonlinear coupled networks. It is able to identify coherent and incoherent states, as well as chimera states 18, 32 . The SI is given by
If χ (l) (m) > δ, some of the oscillators in the m-th partition are incoherent and s m = 0. When N → ∞, SI → 1 (s m = 0, ∀m) for incoherent states, SI → 0 for coherent and cluster states, and 0 < SI < 1 for chimera states. In Fig. 2(a) , we plot SI versus the coupling strength σ for 400 different initial conditions of the system (1). We consider (x 
III. BASIN OF ATTRACTION FOR CHIMERA STATES
In our network, for some values of σ a great variety of dynamical states can be found by only changing the initial conditions. With this in mind, we investigate this phenomenon by means of the basin of attraction. To do that, we construct a grid and vary the initial values of the variables of one map of the network, while the others are kept equal to 0.
In Fig. 3 , we plot the basin of attraction for σ = 0.18 with the SI values being represented by a colour scale. It displays the same overall shape of the basin of one individual Hénon map. From Fig. 3 it can be noted that the density of each state varies depending on the region where we sort the initial conditions, also in some regions the boundaries between the basins may be very complex. there is a positive probability of a network in the coherent state to transit to the chimera state if an initial condition used is perturbed. Since a coherent state can be set by placing all the initial conditions as equal, it is reasonable to expect that by changing the initial condition of one node of the network (as we have actually done), one can reach the chimera state. Another consequence is that the chimera state can be replaced by the coherent state by a perturbation in the initial conditions as well. This is a consequence of the fact that the uncertainty coefficient is positive, and therefore, no matter the precision one alters the initial conditions, there is always a positive probability for the state to change. However, since the basin has a fractal boundary, there exist particular directions to change the initial conditions such that the chimera can be preserved. This direction is the one associated with the direction where the dimension is not fractal. All in all, the point is that the chimera state in the observed network can be found, preserved or altered by design, if one wish so, as long as the initial conditions are set about the boundary of the coherent and the chimera states. The same does not happen with respect to the incoherent state.
Secondly, we compute f (ε) for the boundary between the chimera and incoherent states matter how small or large is the perturbation applied to an initial condition, the change that the system will take place is the same. This is so because of the riddled basin for which the dimension of the boundary of the basins of attraction is the dimension of the basin itself. Thus, in such a situation, it does not exist a special direction for initial conditions to be perturbed in order to maintain the incoherent state. In contrast to what was reported before, the preservation or alteration of the chimera state by a modification on the initial 12 conditions cannot be done by design, but only in a statistical sense. Therefore, these facts lead us to conclude that the existence of a riddled basin boundary in a network that presents chimera is a chimera's dilemma. It makes the state to be fragile by arbitrarily small changes in the initial conditions. 
IV. CONCLUSIONS
We have analysed a network of circulant coupled Hénon maps. This network is a discrete time dynamical system that exhibits coherent and incoherent behaviours. We consider parameter values where coherent and incoherent domains, named chimera state, coexist.
The chimera state coexists with the other two states, namely the coherent and the incoherent states. All these states have their attraction basin boundaries. It is known that 13 due to this coexistence, the network may present hysteretic behaviour as parameters are increased or decreased. The hysteresis character of the chimera and its coexisting states, where attractors and their basins can disappear or bifurcate, can potentially provide clarifications about the emergence of tipping points in nature 39 . Typically, tipping points are explained in terms of lower dimensional systems with the coexistence of states such as equilibrium points or limit cycles. The chimera state could itself be considered as a possible reason for tipping points emerging in large dimensional networked systems. Our main interest in this work is to study properties of the boundary between two of these states, the incoherent and chimera, and the chimera and the coherent state. Through the uncertainty exponent, we uncover that the basin boundaries between coherent and chimera states are fractal, while the basin boundary of incoherent and chimera states are riddled. Consequently, the first case is more robust to perturbations in the initial conditions than the second one. Whereas one is likely to obtain a chimera state by a perturbation of initial conditions leading to the coherent state (which can be set by having all nodes with the same or roughly the same initial condition), it is unlikely to appear a chimera state by a perturbation of initial conditions leading to the incoherent state.
